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1. Introduction

In this paper I shall present an application of an extended

field of real numbers to the proof of a theorem in the theory of

cooperative games. The proofs set forth below, which involve

the use of A. Robinson's theory of non-standard analysis and are

metamathematical in character, are not the only way in which the

theorems can be verified; alternative proofs utilizing ordinary

topological methods can in fa:ct be carried out quite briefly.

However, the attempt to apply non-standard analysis to game theory

is novel. For this reason, what I have to show may be of interest,

not only insofar as it presents new information on the theory of

the kernel of a cooperative game, but also in that it demonstrates

the possibility of effectively exploiting non-standard analysis

as a tool for future investigation in this area. It could very

well turn out, for example, that non-standard analysis could serve

as a means by which concepts defined for games with a finite num-

ber of players could be extended to games with a continuum of

players.

2. Definitions and Basic Concepts

N is a (finite or denumerably infinite) set of consecutive

natural numbers, called players. v, the characteristic function,

it. is a non-negative real function defined on the subsets of N,

called coalitions, which satisfies

(2.1) v(0) = 0, v(J'iJ) = 0, for all i in N.
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A game is a pair (N;v). A coalition structure (C.S.) is

a partition of N. An individually rational payoff configuration

(iLr.p.c.) is a pair (x;,), where D is a coalition structure

and x is a real vector having one component for each member of

N and satisfies: xi k 0 for all i in N and EiCBXi = v(B)

for all B E C . Let (x; ) be an i.r.p.c. For all S CN

we denote

(2.2) e(S;x) = v(S) - EiESXi.

e(S,x) is called the excess of S with respect to (x;o).

Further, let ij E B E 0 and i / j; we denote

(2.3) = IS; S c N, i E S, j ' S)

(2,4) S ij(x) = Sup e(S,x)
SSETIj

(2.) 5 (js) = v(S) - v(S - A)

a.ad

(2,6) f(j) = Sup '-(jS)
S a coalition

WI say that i outweighs j with respect to (x;.) if

S W(x) > S.i(x) and x. > 0, The i.r.p.c. (x; c0) is balanced

if there exists no pair of players h and k such thatP h~k E B E 0 and h outweighs k. The kernel K(G) of a game

G is the set of all balanced i.r.p.c.'s. The following theorem

>• known (see [ 2 ; see also [1] and [31:
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Theorem 2.1. For any finite game G (a game consisting of

a finite number of players) and any coalition structure o there

exists a payoff vector x such that (x;,T) is in the kernel.

This theorem is in general untrue for infinite games.

Example: Consider the game G = (N;v) where N = {1,2,3,...]

and v is defined as follows:

(2.7) v(A) =1 For A of the form (n, n+1, 'n+2,...)

Co0 otherwise

Choose the coalition structure = (N). For this coalition

structure there exists no payoff vector x for which (x;O)

is in the kernel of G.

Proof: By way of contradiction. Suppose that for some x,

(x; ,) is in the kernel. If xn > 0, then the coalition

Sn+1 = [n+1, n+2, .. is in Jn+1,n

e(Cn+1,x) = 1 - (xn+I + Xn+2 + . > O.

On the other hand, for any coalition C in n v(C) = 0

and hence e(C,x) = v(C) - EjECxj ' -xn < 0. Thus

Snn+i(x) ! -xn < 0. It follows therefore that

Sn,n+1(x) < e(Cn+1,x) Sn+1,n (x) and xn > 0.

This implies that n outweighs n + 1, in contradiction to the

hypothesis that (x;D) is balanced. Thus xn = 0 for all n.

Therefore x = (0,0,...) which is impossible because Exi must

equal v(N) which is equal to 1. We thus see that the hypo-

thesis that such an x exists leads to a contradiction.

Definition 2.2. G = (N;v) is a superadditive game if for any

two disjoint subsets C,D of N, v(C U D) k v(C) + v(D).

S. • .- •°. .-
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3. The Non-Standard Model of a Game

We shall start with a brief definition and description of a

non-standard model of analysis. For more complete details and

for proofs the reader is referred to the first thirty pages of

[ 4 ] or to the material appearing in the chapter on non-standard

analysis in [ 5 ].

We begin by classifying real numbers and certain sets and

relations into categories called types. We perform this classif--

ication inductively. A real number will. be said to be of type 0.

Suppose A,,....,An are sets such that for every i, 1 5 i ' n,

Ai consists of elements all of which have been previously class-

ified (by induction) into type tio Then any subset of A1 x...x An

will be said to be of type (ti,..,9tn). Thus, 5 is of type 0.

The set of all even numbers is of type (0). The order relation <,

by set theoretic definition, is of type (0,0). Note: There exist

elements that are of more than one type; the empty set, for ex-

ample. The functi.on cos zy may be said to be of type (0,0,0).

The function may likewise be said to be of type ((O,0),0) or of

type (0,(O,0)). We will now inductively define the length of a

type. The type 0 will be said -o be of length 1. If t 1 ,t 2 ,... ,tn

have been previously (inductively) defined to be of lengths

then the type (t ) will be said to be of

length • + + .. + 2. Let Y30 be the set of &ll types

of lengths less than 30. It is clear that 0 is a finite set.
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Let A be the set of all elements tqat belong to at least

one of the types in e30" Then A includes, among other things,

all real numbers, all Cubsets of the set of real numbers, all sub-

sets of X x X, where X is the set of real numbers, and hence,

by set theoretic definition of function, all functions cf a single

real variable.

Since a vector (finite or denumerably infinite) is essentially

a real function defined on a subset of the set of natural numbers,

A also contains all vectors. Similarly, it contains all measure

functions defined on sets of real nlnmbers. Thus it contains

Sup and E,

Let 4= <A; 0i. Tt' O'ID> i-a natural number such that i , 2
t-a type

be a relational system, consisting of a set of individuals, aim of

a set of relations defined on the set of individuals. A, the seL

described in the preceding paraC-raph, is the set of individuals.

The relations '., Tt and 0ID are defined as follows:

Oi is an i-ary relation on A. The i-ad <a,...,aa •

(where al,...,an are elements in A) is said to be in 0i if

and only if al is a set and the i-minus-l-ad <a 2 ,...,as) is

a member of al. For any type t, Tt is a one place relation on

A. b E A is in Tt if and only if b is of type t. 0 ID is

the binary identity relation on A.

Let L be a language made up of a set of symbols whose car-

dinality is greater than the cardinality of A, and of a one-to-one

correspondence f from the elements of 4 (individuals and re-
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lations) into L. Symbols that thus correspond to relations

will be called predicates. Denote by K the set of all sentences

in the calculus of predicates of first order formed from symbols

of L that are meaningful in a,.. Denote by K0  the set of all

sentences in K that are true in Consider the following

set of aentences.

(31)K = Ko U aQTo) U [aiD aa)}L an index that runs

through the real numbers.

Here a is a symbol in L that does not correspond under f

to any element in QT 90 is the symbol in L that signifies

(under f) the relation To. l is the symbol in L signify-

ing OID" 'P is the symbol in L that corresponds to the

number u.

Since every finite subset of , possesses a model ( 4is a

model of every finite subset of K, (see [4], p. 18)), then by

the compactness principle (ibid) KI itself possesses a model.

Every model of K1  shall be called a non-standard model of analysis.

Let / be some model of K1. Every sentence -n ;he

predicate calculus of first order that is true when interpreted

in cl4 remains true when i'L is re-interpreted in2 . Numbers,

sets, and relations in 4ý a,-3 signified by symbols in L.

These symbols, i , when re-interpreted in I signify

certain elements in -• . Any such element will be called a -

number, .. Y-set, or -relation, acpending on whether the

element in t signified by the corresponding symbol is a num-
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ber, set or relation. For any element c in If which cor-

responds to a symbol • signifying some number c in .,

, is true in * For any x in such that toX,

x will be called a -number. All other individuals in •5 are

called •-se... The order reation < in C4- carries over to

a complete order relation on -2-numbers. The three place rela-

tion + in A (a,b,c is in the relation if and only if a+b = c)

passes over to a three place relation in 2V oL j9-numbers.

The number 0 passes over to 0' in, . There exist numbers

in greater than d" that are less than all s -numbers

signified by symbols corresponding to positive numbers in

(see C 4 ]). Such 2-numbers are called infinitesimal. Inf'inite

numbers are defined analogously. There exist 5,2-numbers and

.2-sets not signified by any symbols signify'ing elements in rf.

There exist- sets whose elements all appear in C2) while the sets

themselves do not appear in •. Such sets are not ' -set3.

_Z,'-sets have properties that are analogous to those of (-sets.

They obey all axioms of set theory expressible in the predicate

calculus of first ordei-. We can thus speak of elements that are

contained in a ,j?-set, inter3ections of !j-sets, .v•-subzets

of _• set~s etc. Hence we can de;ine •-vectors, I7-fu fA..tions

and •-relatlons in complete analogy with the set theoretic

definitions cf tf-vectors, C-4 -functions and C4 -. relations. We

simply substitute the words '21-set for c 4 .set in each of the

corresponding definitions. Lenote by $j/the set of sil natural

numter3 in C 1 .
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Denote by 4/(the image of VY in 3, i.e., the element in

signified by the symbol corresponding to /V IV- ij al-set.

Any -number contained in A will be called a naturalo-number.

There exist infinite as well as finite natural 'b-numbers.

3-numbers for which there exist symbols corresponding to numbers

in 64 will be called standard numbers. For any finite 2-number

d there exists a unique standard number d such that d is

the nearest standard number to d (see [4]). For any number e

in '4 w. shall denote the image of e in 23 by e~. For any

finite number h in we shall denote the nearest standard num-

ber by h*. For any standards-number 4 we shall denote by t

the image of I in 4.,S -elements will in general oe denoted by

lower case latin letters crowned by roofs (b, c, d, etc.).C-

elemencs will be denoted in general by lower case uncrownecd latin

letters (p, q, r, etc.). 0I1D the image of OIL in ', may be

assumed, without loss of generality, to be the identity relation.

Phat is, if A and b are individuals ink, the pair <A,b> is

.n 0I1 ii' and ornly if & and b Lre both the same element.

We define a non-standard game in complete analogy with the

standard /4-game given above. Let N be al.4-set of consecutive

naturalli-numbers. If every number in N is less than somej-

number ' then we say that N is_-finite. Note: N may con-

3sist of an infinite number of..e-numbers and still be•-fin-te.

Let • be a -function defined on all -subsets of N, whose

values are non-negative1-numbers; v($) G-, v((i)) O0 for

each i in N. The pair (N;i) is a non-stardard game, or a

..4-ga-me. Let be a 2&-set Aor
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sub-e j of N such that any two such subsets are disjoint and

such that the union of the i-subsets in 0 is equal to N.

is then called a .3-coalition structure. Let * be a

vector having one coordinate for each element in N. The pai-,

(i;Z will be said to be a 2-i.r.p.c. if each coordinate of'
A

x is non-negative and iEZ ̂ A= ^(D) for each D in Z. The

entirely analagous to the definitions (2.2) - (2.6). The def-

inition of balanced •-i.r.p.c. 's in asJ-game is also com-

pletely analogous. The3-kernel is the set of all $-i.r.p.c. 's

A

that are balanced. A$-game isa-finite if N isa-finite.

A an a ~ ) r

Lefmma 3.1 For anyn-finite game G (N;v), and for any -

coalition structure t, there exists a $-vector - such that

(X;O) is in the3-kernel.

Proof: Express Theorem 2.1 in the first order predicate calculus

using symbols from L. Reinterpret the statement in 2. The

rernterpretec -','-ment yields Theorem 3.1.

Theore•; 3.2. Let G = (N;v) be a finite superadditive game.

Let (x;,T) E K(G). Then for all i in N, x.i f,(i).

Proof: By contr'iiction. Assume tAt there exists - player

for which xj > O(jl). It is clear that n(jl) a 0. Then

x > 0. Let T be the coalition in 0 for which J E T. T
-JI

mijt contain more than one player. Otherwise, by (2.1), it follows

that x 1. = 0. The excess e((T - (j,}),x) > 0 because e((T - (j 1 )),x) =
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= v(T- Ujl]) - EkE(T_[Jl1 )xk = v(T) -o(j 1 ,T) - ZkE(T_(Jll)Xk

v(T) - O(jl) - EkE(Tj)xk> v(T) - x1 I k=

v(T) - ZkETXk = v(T) - v(T) = 0.

Also, the excess e([jl,x) = v([Jll) - x = 0 - x. < 0. We

assert that for any coalition S containing jl there exists a

non-empty coalition V not containing Jl for which e(V) > e(S).

We have proved this for S = [jl]. Let S contain more than one

player, then e(S,x) < e((S - [jl]),x) since e(S,x) =

- v(S) - ~kESxk = v(S - Uil)) + G(iS) - EkESxk g v(S - U.l) +

4- ('jl) - xi )_E.kES-tj )xk < v(S - (ill) - kES_ jl xk = e(S - U1lX).

Let V1  be a coalition such that for each coalition V2 , e(V 2 ,x) '

e(V1,x). Then l V1. V1  must contain at least one player in

T - (jl); if not, then

e([T - (j] U V,,x) v([T (j 1 )] U VI) .k.TJlxk - IkEV x

1 k

v v(T -lil)) - EkET- V ]xk + v(V.,) - EkEV1xk

e(T- (ji],x) + e(Vl,x) > e(VI)

in contradiction to the assumption that for all V e(V2) ! e(Vl).

Let t be a player contained in both V1  and T - ijl.

From what we have seen there exists a coalition C in tJ

(e.g., Vl) such that for any coalition D in •IL, e(c,x) > e(D,x).

We nave shown that x1 -; 0. Then t ootweighs Jl" This is in

contradiction to the assumption that (x;P is in K(G). The lemma

is thus proven.
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Note: When (N= N) the requirement that the game be

superadditive is not needed.

Lemma 3.3. Let G = (N;v) be aS-finite superadditive game.

Let (c;•) be aS-i.r.p.c. in the,-kernel of G. Let f be
A A

the i-function corresponding to 0. Then for all i in N,

The proof is similar to the proof of Lemma 3.1 (see Theorem

3.2).

Let r = (N;v) be countably infinite, where N = (1,2,3,...)

and v, the characteristic function, fulfills the following con-

ditions:

(3.2) v is superadditive (see Definition 2.2).

(3.3) For any 0 < e and for any coalition S there exists a

natural number nI = n 1 (S,c) such that for any n : nj,

O : v(S) - v(S - (n+1, n+2, ... ]) < C.

(3.4) Ejoin(j) < (see (2.6)).
A• A A

Let c) be any coalition structure on r. Let r' = (N;v) be the

"i-game corresponding to r ino. Let be the image of

Let m^ be some infinite naturalue-number. Let

0 The roofs on symbols like + > k < s 1 1 (absolute value)
x E n U etc. denoting the use of the non-standard model
will be omitted.
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A A

Nm = in I n 1 mi, n a natural -number),ml

v = the -function obtained from v by restricting

its domain to be the i-subsets of NA

Sk~m
A Ai

Let z be an ml-dimensional "-vector such that (z.A) is
A A A 

I

a 3-i.r.p.c. of r = Nm ;v^) and such that

A AA

(3.5) z g 0(i), for all i such that 1 m i ' i.

Let z be the infinite dimensional c4 -vector defined as follow3:

A 

Av

(k~ is the image of k in'; zk- is the k-th component of z;
0 AV

[Zk-] is the nearest standard number to zk.--; [zk-.IJ is the

counter image of [ZkA in

Lemma 3.4. For every coalition S in E ZiEsZi converges.

Proofi it is clear that z. k 0 for every natural number i.

For every natural number i in O1 let p^~ = [zi - zi-.

Let S be the image of S in 4. Then for every natural number

t in c~and for all 6 > 0 in
0 !ý [E itzi + F,•[i• ,

0 ~ A -~p < E Z= + 6+ ". AE ~[½

iES A A A A A A A A A

iES iES iES iES iESSA A A
This arises because for each i such that i f C, i is a

standard number and pI is infinitesimal (positive or negative)
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whereas is a standard positive number; hence <

+ Eo.i•g•i' ) < ie + 6-, where SA= S NA

iES iESA AAAA

=V (8A ) + 6' = v(S4 ) + 6' . v(S) + 6'm 1 ml

Thus for every natural t and all 0 < t

Eisz i < v(S) + 6.
iES

_ _ _satisfying (3.5)

Theorem 3.5. Let z be an r1 -dimensional -vector/such that
A A A

(z;Z ) is a -i.r.p.c. of rA and let zk = [zk-]Jv. Here

rm is derived from4countably infinite game r whose character-
m

istic function satisfies (3.2)-(3.4). For every coalition S in

"c , ZiESZi = v(S).

Proof: In the proof of Lemma 3.4 we saw that 0 S EiESZi f v(S)

i It

for every natural number t. What remains to be proven is that

for all 6 > 0 there exists a natural number 41 in 1 such

that EiESZi + 6 > v(S). Let t1 be a natural number such

i ft.

that E iO(i) e 6 and such that for all n > t19

v(S) - v(S - fn+, n+2, ) 6 (see (3.3)-(3.4)). Then

A

'1) The meaning of = in the non-standard model is exactLy =
hence we are.,justified in writing = instead of 1. This
is because ýiD is the identity relation.
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(ZiES zi + > ( 8 " E (r)i)~ +()
i1 i•& i.1

3

M 40ZE( + pdr) + () . (i (

AA

EA 6  + EA '--n(i)

where A = AA# - AA and is, of course, infinitesimal (positive

or negative). Thus ( (). + 6 for all 1 Hence
A A A(A A A + A A A1E ^ z^ ))iES i i >E +

A .. A A 1
i~ I i• I i I

and by (3.5)
AAA A A A

k iEA zA + E A--CA

an snc (;#m is a•~-i.r.p.c, and •^ is in•^ we

have

A A. AA

- •A(• = A(SAI).

For all n > . we know that A- A A n+', .1 s

n > vS) - (S v, MAi,

AA A m (8y)" The v(SAm ) I AV()(A)v

1 mi

A A

an -ne(!C saS irPc n A i nQ/ w
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From this we deduce that

(EiEsZi + 6)~ > ý(s).

Therefore,

EiESzi + 8 > v(S).
iSLI

Lemma 3.6. Let S be a s-subset of Nm Let S be the

C4-coalition containing every natural 4numberf

Alnube j for which
is in S. Let S~ be the image of S ins. Then

Iv(S1) - v(S~)l is infinitesimal.

Proof: Let C be a standard number greater than 0~. Let

C be the image of C in c. Let nI be a natural 4t'-number

A hrsuch that for all n z n, IV(S v(S)I < ()v andini)< (); here

Sn = S - (n+1, n+2, ... ] (see (3.3)). Then for an,- qtandard

S-natural number n greater than nl, Jv(S•) - v(Sr)I < A

Since Sn uxiu S coincide for all standard n, this meansn n A

that for all standard n greater than nI,

(3.6) 1A(&)_ t(s~)I < (s)
Suppose I•(S1) A r(S~)j >. If >(SA) > v(SA) then

v(S~) - A(SI) > i. Because of superadditivity
A1Al 

A. Al 1 lPv(I v(S n) + v(S n).

Hence
v(S~) -( A • t(S~) n (A(n) + v(S _ 5n)) k v(S~) - v(S ) >

which contradicts (3.6). Thus if I v($S) - v(S)I > & then
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(3.7) V(S) > V~)

Let W = WI U W2 be any finite t4-coalition, where WI and W2

are disjoint subsets of W. Through mathematical induction, and

using (2.6), it may be readily seen that v(W) f v(WI) + EiEW 2(i).

The assertion that v(W) f v(W1 ) + EiEW20(i) for all W, WI, W2

such that W = W1 U W2 , W1 n W2 = 0', and .n Vi (i E W- i < n),

is expressible as a sentence in the first order predicate calculus.

Since this sentence is true in 4- it is also true when re-

interpreted iný3. Applying this knowledge to S we obtain:

(3.8) v(1l) • v(S ) f V(S ) + E;1A 1 .(i) ' v(S ) +ni n, - jES n n

A OAW A A
1

S +
• .2(i) ' v(sI ) + .

12ll -

By superadditivity,

(3.9) V(01~) A AlSA1

Using (3.7), (3.8) and (3.9) we receive:

Iv(S1) -v(')l = v(S) -v(S) f (v(S1 ) - v(Snl. = ().
+i ((7)

This is in contradiction to the supposition that tv(S ) - v(S~)I > C.

Thus for every standard .2-number, C, £ 0 Ov, IV(S) - v(S~)I - C.a a A

Hence Iv(S ) - v(Sr)l is infinitesimal.

Lemma 3.7. Let S be a,2-subset of N. Let S be the

coalition containing every natural C4-number j for which j isA A

in Si. Then IE^.1zi- (•iEsZi)~I is infinitesimal. Here z

and z are as defined in the paragraph containing (3.5).
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Proof: Since Ei~i zi 1 v([1,2,...]) < a, it is clear then that

for any *-coalition T EiETZi converges absolutely. Let 6

be any particular positiveS4-number and let L be a natural

nubr uhthtZ6 6number such that EimfO(i) < and such that EiESZi < 3" Then

AA

iESIzi (z- :iESZi)~I i (C1z i iESI'Z•i + (E islzi -(EiEszi)w)I

A % A A

• I+ z )OWi~iz Esz*iES1ziI + AE A

A AJ

is'w ist4 in' i>4

'I1 + ... + C,71 + ()'+ 6

where C, "'', , are infinitesimal numbers,

4
Thus for every standard positive 2-number 6~, EYz)i

,I~iESlzi• - (iES~i)

is less than it. Therefore IE•Ez1. - (1iESZi(~ is infinitesimal.

Theorem 3.8 (an existence theorem): Let r = (N;v) be an infinite

game where v, the characteristic function, fulfills conditions

(3.2), (3.3) and (3.4). Then, for any coalition structure

there exists an infinite dimensional vector x such that (x;,)

is in K(r).

Proof: Let r = (N;v) be the3 .- game corresponding to r in
NA' m and •r b

Let be the image of 1.Let ml1 , N' IVandD be

as defined in the lines following (3.4). Let z be an mi

dimensional O-vector such that (z;fA) is in the -0-kernel of r .
Irn M
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A A

Such a z exists, by Lemma 3.1. For all finite natural i,

z i is finite since by Lemma 3.3 zA 1 6(i), and 0(i) is

finite. We define the infinite dimensional 4 -vector z as

follows: zi = [zi-] v It is clear than zi a 0 for all

natural i. By Therem 3.5 we know that EiEszi = v(S) for all

S in . Thus (z;.) is an i.r.p.c. We seek to prove that

(z; 0) is in the kernel of r.

Let H be a coalition in c that contains at least two

different players. It is sufficient to prove that at least one

of the following two cases holds:

(i) zL = 0

(ii) For any coalition X that con-

tains k and does not ,-ontain L, there exists

a coalition S which contains t and which

does not contain k, such trat

v(S) - EiEsZi a v(X) - E iEXzi

We shall prove that when (i) does rot hold, (:i) does.

Let X be some coalition that contains player k and dces not

contain player L. Let X~ be the image of X ins. Let

K. = X" n NA .X contains the player k' and does not con-mi Mi mi

tain the player L. Let Ir be the image of H und let

n" N'= I Since md)m is in the s-kernel and since

k', E E' X and z > 0 there exists alo-coalition S

of r, that contains C and does not contain k~ and for whichMi



-19-

s ze^ ill V^; (X'A I E~ ZA
iSi 1 ±iUi

Let S be the s-coalition containing every natural 04-number

j for which J" is in SI. It is clear that S contains t

and does not contain k. Let S' be the image of S in !.

Note that S' and S are in general not identical. S con-

tains only 2-numbers that are less than m^ + 1~. S', on the

other hand, may contain greater s-numbers. We set out to prove

that v(S) - EiESzi I v(X) - EiExzi. By Lemma 3.6,

Iv(S V-(S-')l and Iv(X - () are infinitesimal num-

bers. (The latter difference is infinitesimal because both co-

alitions have the same standard players.) By Lemma 3.7,

IEsi! - ( i)~l and IriEXs~z - (EeXzi)~l are likewise
M

infinitesimal. To prove that (v(x3 - 1iEX z i) g (v(S) - EiESzi)

it is sufficient to prove that for all 6 > 0 in

(v(X) - iEX zi) - (v(S) - riESZi) ' 8.

But (v(X)- E- (v(S) - E< v N,;<ý( '" 1 +

" + v(S) + + Li±ESlzi + (T)

We have thus proven that (z; •) is in the kernel. Therefore

the kernel is not empty for any coalition structure.

Theorem 3.9. Let K(G) be the kernel of an infinite game

& = ((l1,2,...);v) which fulfills the relations (3.2), (3.3)

and (3.4). Let 9 be an arbitrary coalition structure on G.

Let Gn be the game (j1,2,...,n);v n), where vn receives the

sam-i values as v on subsets of 19,2,...,n). Let K(G ) be
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the kernel of Gn. Let the space B E xB x ... have
the Tychinoff topology. Let [Oii = 1,2,... be a sequence of

sets, 0 1 C z Let 0. be a set in the space E with the

following property: If x = (xl,x 2 ,...) is a point in E

such that for any open set E containing x there exists a

natural number i and a vector (xi,xý,...,xj) in 0 such

that (XlX,,x 90909...) E E then x E 0,. Under these

conditions, if for each n, there exists a vector

x(n) = (x~n) ,..,x(n)) in on such that (x(n);T) is in

K(Gn), then there exists an x in 0. such that (x;p E K(G).
Proof: Since for each n there exists an x(n) in On for

which (x(n),•n) is in K(Gn), and since this fact is expressible9n
in the fV-st order predicate calculus, it follows that for any

natural -number m, there exists an x in O1 such that
(x'm, ) is in K(G•). Let mI be an infinitea-number.

Let ;(11) be such that E O1 and W(m()A1) E K(G1).

Let x be the infinite dimensional c4 vector obtained by setting

xi = (x1 m1)f'-)v. Then, as we have shown in the proof of Theorem

3.8, (x;•) E K(G). We must prove that x E 0. Let x be the

image in of x. We will prove that for all c, rita jx - x1 1 +

+ X < c. Let J, be a natural -number for which E•>l(i) OM

and for which E>X <*c. "Then by Lemma 3.3 E ~X( 1  •°

and E>,fXj < Q)* • e'. Thus

(3. I X* - x(r+ E sI > ,J7 IF jC -I 1)t +

+ r•,j~x- I + tj>43 ) (l • ()" < a + (+ ) C

6 is infinitesimal. Hence
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8+ (•)~ ~+ (~ < C~ .

Thus if C is a standard number, then there exists an 11 (in

our case = and a vector P i) in such that

Ei 1 ^x1 - x+ x Ai < c. For any specific standard

C(€ = •, f", ... , etc.) the phrase: "There exists an

and a vector x i) in OA such 1hat
A iir lIf.1 Ix. 1) + E 1>1 1 i<

is expressible as a sentence in the first order predicate cal-

culus. This sentence is true in for each specific standard

i > Or. Then the sentence must be true in 4 for any specific

c > 0. Thus for any E > 0 there exists an i, and an x~ 1

in 0ii such that

(3.-1) E 1xi - X(•l + r x < C.

This means that for any open set E containing x there exists

an iI and a vector (x (ij)? ... , (11)) such that, ..~~~.. ])suhta(i)(j (ij 0l) o
(x 1 ...) x ii 1 , 0, ...) is in E and (x( .) x. ) E

Then by the conditions of the theorem, x E Ou.

Clearly, Theorem 3.8 is a special case of Theorem 3.9.

Theorem 3.9 is useful for extending known theorems about the

kernel of finite games to infinite games. For example, it is

known (see (2]) that if a finite game has a non-empty core then

the kernel intersects the core. (The same is true if "core" -a

replaced by "pseudo-core" (see (2]1) It follows from Theorem 3.9

that the same result holds for gairp wi*• i countable number of
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players, if the characteristic function, v, satisfies (3.2),

(3.3), and (3.4).

Alternative Froof of Theorem 3.9. (Suggested by R. J. Aumann.)

For each t, L = 1,2,..., let x('" be an 4-dimensional

vector such that (x( );0,) E K(G4, ) and x(t) E 04.

For all 4 k 1 and for all k, 1 9 k • 4 , () vS([1,...,4) =

Sv(PI,...,) • v(N). Denote c = v(N) and let

I = [O,c] X [O,c] x .... Let x(t) be the infinite dimensional

vector with x!(" = x(t) for the first t components andk k

x (I) = 0 for the remaining components. Under the Tychinoffk

topology, I is a compact space. Then there exists a vector x

in I which is a limit point of the x'('s. Since, by Theorem

3.2, for all k and all t, t i k, x •t) e O(k), it follows that

(3.12) x 9 O(k) for all k k 1

Let C E O and let e > 0. We wish to show that

!v(C) - E kECXkI " e.

Let ni be such that

(3.13) Ekn10 (k) •

and such that for all n k nl,

(3.14) v(C) - v(Cn) 'je.

Condition (3.4) assures the existence of such an n!. Let m,

be greater than nI and be large enough so that

iIx( 1) - Xkt Sfl-k fnl k
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By Theorem 3.2, x(ml) . 0(k) for all k, 1 • k Ti mi. Thus,k

by (3.12) and (3.13),

(3.15)Z 1 Ix( 1) - XIl + Ck>Xk i

Since v( 1  EC x(I) = 0, we may readily derive, usingmI E~m

(3.12), (3.13), (3.143, and (3.15), that Iv(C) - E kECXkI < C'

Due to the fact that e is an arbitrary positive quantity, it

follows that v'(C) = EkECxk. (x;oD) is therefore an i.r.p.c.

Let i,j E C be two different players in C. Suppose

x. = 0. Let Ci be a coalition containing i and not J.

To prove that (x;O) E K(G) we must show the existence of a
Ej (see (2.3)) such that e(Cj;x) k e(Ci;x). Denote

by Ci;n the coalition Ci restricted to the first n players,

for n k ij. Let [x(rv)vi192,... be a sub-sequence of

dimensional vectors such that for all v, V = 1,2,...,

(x(nv);On ) E K(GnV ) and x(nv)E On, and such that

lim x(n)v x, where x' - xn if k & nv and ) ,(n) = 0n) = x vi fk•n adx kv
V-*Mk

otherwise. Since xI(nv) x, and since x. > 0, there exists a

number V1  such that n,1 k i,j, and such that for all v z Vl,

(n > 0. For each v equal or greater than v1  there exists

a coalition C(nV ) ( 1 ,, such that

e(C(nv);x(nv)) e ;x V(n)) This is because (x n ; ) E K(Gn ).

For any coalition E, let XE be the 0 - 1 characteristic

function of the set E, i.e., XE(n) = 1 if n E E; XE(n) = 0

otherwise. We shall now define a function on any two 0 - 1

characteristic functions.
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P(XEXF) ISE Tn=1 iXE(n) - XF(n)I (j)n

One may easily verify that p is a metric; hence p induces

a topology on the "space" of 0 - 1 characteristic functions.

It is easily seen that the space X of all the 0 - I

characteristic functions (regarded as infinite sequences) with

the topology based on this metric is a compact subspace of

J = [0,1] x [0,1] x ... , where the topology of J is the

Tychinoff topology. Let [C(iv)) be a sub-sequence of the
j o, t

c (n' s such that [XC(mv)) converges under the p-topology

to a single limiting 0 - 1 characteristic function. Denote

the coalition corresponding to the limiting 0 - 1 characteristic

function by C.. It is clear that C. contains j and does

not contain i. We wish to prove that e(Cj;x) k e(Ci;x). Let

e be an arbitrary positive number. Let vI be such that

(3.16) nV ; i,j
(nI )

(3.17) For all v z v1 , x 1 > 0

1
(3.18) Ekkn ( k)

(3. 19) For all v k V1 , E 1sknV Xk - XkvI 7-6e1

(3.20) For all n k n. , v(Cl v(C;
1 j ;n) -

where C = C fl (1,2,...,n)

(3.21) For all n I n~1 , v(Ci) - V(Ci;n) : 1

LetC(mo) be a member of [C(mv)C such that
c(mo) n C = C. and such that m° k n . It is clear

n1 I V
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that such a C(mo)o exists because any C(m) for which C(m)
a a i

is sufficiently close to X. (under the metric p) is bound

to contain all players contained in C. . Since

c(m O = C. it is easy to deduce, using (3.18), thato j;nl 3;nVl

(3.22) v(C(ao)) - v(Cj ) £

We know that e(C(%o);x(mo)) - e(Ci. ;X(mo)) k 0. Hence,

(3.23) v(C~mo)) - E (m ) -(VC )c -(mo) 2t 0.
kCC~mx i;Mc ~kEC4 ~ kc

By applying standard procedure to inequality (3.23) one easily

derives, by using inequalities (3.16) - (3.22), that

v(C ) - EkECaXk - (v(Ci) - EkECiXk) k-C.

Since e is an arbitrary positive quantity, this means that

v(C) E kECjxk ' v(Ci) - 'kECiXk , or e(Cj;x) 2 e(Ci;x).

Thus (x;!) E K(G). Since x is a limit point of a series of

vectors (x(n)x , such that for all n, x(n) E On' then by the

conditions of the theorem it follows that x E 0.

The following theorem is an example which shows how non-

standard models may generate theorems concerning the kernel of

infinite games.

Theorem 3.10. Let G = (N;v) be an infinite game satisfying

(3.2), (3.3) and (3.4). Let V 'e an arbitrary coalition struc-

ture. Then for any c > 0 there exists an nI such that for any

n greater than nI and any xn2' for which (x 2);0 E K(Gn2)n2 gr e2

! J 17
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there exists an n3 < n, and an x(n 3) such that

(x(n 3);O ) E K(G ) and EI jx(n3) _ x(n2)i + E < x(n2) e
01-;n 3 3 Aign3 i n3 i n2 "

Proof: Let e be an arbitrary positive quantity. Let G be the

image of G ins. Let n1  be an infinite natural number. Let

n2 be an arbitrary infinite natural number such that n2 > nj.

Let x(2) be such that (xn2) ; ) E K(GA2). Let x be an
n2 2

infinite dimensional •-vector such that x = (x(n 2 ) Let

x~ be the image of x. We have seen in the proof of Theorem 3.9

(see (3.10)) that for any positive c4-number 8,

(3.24) Efx i- j x (n2 + il> x ~ I <
I 2 I~~ r 2  i1

We have also seen in the same proof (see (3.11)) that there

exists a natural 64-number, n 3, and a vector xU 3) such that

(xn 3) ; ) E K(Gn) and E1 i'n 3 Ixi - x(n3l <( n) ; 3 3 1 3i>n3 i

Thus
(3.25) A1gi'n3 Ix, - (X(n 3 )) iI ~ Ei>n<X <

1 n 3 11>n 3 <1

Combining (3.24) and (3.25) and settiry 8 = je, we receive
" ~ ~ ~~x(n (n2n))< - 6 =e

(3.26) l t(xn3)) 4 - xqn2)1I + 3<n 2 < 2 c
3 3 1

From (3.26) it follows that the statement "there exists a kl

such that for any k2,k2 > k1' and for any x 2 such that

5(x(2 );^ ) E K(Z() there exists a k3 ,k 3 < kl, and an X3
suchthat (x(k 3 );.•# ) E K(Gk ) and

32 39
, (k

such that x3 3 E K G a
E1gg x(3) -(k2[ + •<g2(k^2). < •,

3)ý X(Y~1

~ ~~1 <- xmm - 2 •mm . -
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is true in $. The statement is expressible as a sentence in

the first order predicate calculus. Then it is true when re-

interpreted in c4. The statement, when re-interpreted in CIA

states precisely what we wish to prove.
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